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A general reactive collision of the type A + B f C + D is considered where both the collision partners (A
and B) or the products (C and D) may possess internal, i.e., spin, orbital or rotational, angular momenta.
Compact expressions are derived using a rigorous quantum mechanical analysis for the angular momentum
anisotropy of either of the products (C or D) arising from an initially polarized distribution of the reactant
angular momentum. The angular momentum distribution of the product is expressed in terms of canonical
spherical tensors multiplied by anisotropy-transforming coefficients cKiqk

K (Kr,L). These coefficients act as
transformation coefficients between the angular momentum anisotropy of the reactants and that of the product.
They are independent of scattering angle but depend on the details of the scattering dynamics. The relationship
between the coefficients cKiqk

K (Kr,L) and the body-fixed scattering S matrix is given and the methodology for
the quantum mechanical calculation of the anisotropy-transforming coefficients is clearly laid out. The
anisotropy-transforming coefficients are amenable to direct experimental measurement in a similar manner to
vector correlation and alignment parameters in photodissociation processes. A key aspect of the theory is the
use of projections of both reactant and product angular momenta onto the product recoil vector direction. An
important new conservation rule is revealed through the analysis, namely that if the state multipole for reactant
angular momentum distribution has a projection qk onto the product recoil vector the state multipoles for the
product angular momentum distribution all have this same projection. Expressions are also presented for the
distribution of the product angular momentum when its components are evaluated relative to the space-fixed
Z-axis. Notes with detailed derivations of all the formulas are available as Supporting Information.

I. Introduction

Stimulated by the pioneering works of Fano and Macek1 and
of Herschbach and co-workers,2,3 the field of stereodynamics
and vector correlation in inelastic and reactive molecular
collisions dynamics has attracted much attention over recent
decades. This has resulted in a very large number of publica-
tions; see refs 4-29 and references therein. The importance of
vector properties in molecular collision dynamics is a conse-
quence of the fact that practically all interactions within a
reaction or collision complex are intrinsically anisotropic and
this fact often results in electronic or rotational anisotropy in
the reaction products. The form and degree of this anisotropy
will normally depend on the direction of scattering; i.e., there
will be a correlation between the product recoil vector and the
direction of the electronic or rotational angular momentum.

Several different theoretical approaches have been proposed
and used in recent years to study the stereodynamical effects
discussed above. Some of them30-32 are based on a semiclassical
bipolar moment expansion formalism proposed originally by
Dixon33 for the description of vector correlations in molecular
photodissociation. Another approach suggested by Shafer, Orr-
Ewing, and Zare21,34,35 employs a spherical harmonic expansion
of the angular momentum distribution in terms of polarization

dependent differential cross sections in the center-of-mass
reference frame. The quantum mechanical methods using density
matrix techniques have been developed by Case and Hersch-
bach2 and by de Miranda and Clary.36

In this paper we consider a general bimolecular reaction of
the form:

where both the reactants and the products may possess polarized
internal angular momenta, such as spin, electronic orbital, or
rotational angular momentum. Clearly eq 1 includes the pos-
sibility of an inelastic nonreactive collision as well. The work
described in the present paper presents an alternative treatment
to that given by de Miranda and Clary36,37 and introduces to
the field of reactive scattering anisotropy-transforming coef-
ficients similar to those already in use in molecular photodisso-
ciation.38,39

A density matrix formulation40 combined with a spherical
tensor analysis41,42 is used to describe the polarization of the
reactants. The scattering process is treated quantum mechanically
and an explicit relationship is derived between the initial-reagent
polarization and final scattering angle dependent product
polarizations. Both the initial polarization and the final scattering
angle dependent product polarizations are described using
spherical tensors and state multipoles.40,41
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We present universally valid expressions for the recoil-angle
distribution of the state multipole moments for the polarization
of one of the products (C) averaged over the quantum states of
the other product (D). The most transparent form of the
expressions in obtained for the case where the projection axis
for the components of the product angular momentum is taken
to be the product recoil direction. Expressions are also presented
for the case when components of the product angular momentum
is referred to space-fixed laboratory axes and simple relation-
ships are presented connecting the two cases.

The scattering angle dependent product angular momentum
distribution is written in terms of an expansion over spherical
tensors made up from a convolution of standard angular
functions and the state multipole of the reactant angular
momentum polarization density matrix. The angle-independent
coefficients in this expansion, cKiqk

K (Kr,L), contain all the dynami-
cal information associated with the scattering process. We derive
expressions for these anisotropy-transforming coefficients in
terms of standard scattering S matrices. Our analysis exposes a
new conservation law, namely that the component qk of the
product state multipole of rank K referred to the product recoil
vector is conserved in the expansion over the spherical tensors
created from a convolution of the reactant state multipole and
spherical harmonics of the angle of the initial relative momentum
vector of the approach of the two collision partners with respect
to the product recoil direction. Stated differently, the projection
quantum numbers qk are constant throughout and the summa-
tions involved in the expansion are only over the associated
rank, Ki of the spherical tensor.

We also present expressions for state multipoles of the product
angular momentum polarization density matrix referred to space-
fixed axes. Standard experimental techniques, widely used in
photodissociation experiments,43 can be used to determine the
coefficients in this expansion. The expansion itself involves
summations over more quantum numbers than the expansion
referred to the product recoil direction, but interestingly, the
expansion coefficients remain exactly the same but are now
multiplied by two standard angular functions.

Several important specific cases of the product polarization
distribution are discussed. In particular, reaction between
unpolarized particles A and B; reaction between polarized
reactants under bulk conditions and the general case of reaction
between polarized reactants in a crossed molecular beam
apparatus.

Section II presents the general theory, a discussion of the
equations and of some special cases is given in section III and
some conclusions are given in section IV. Appendices A and B
present some details of the derivation of the formulas presented
in the paper. An extended detailed derivation of all the formulas
in the paper is available in the Supporting Information.

II. General Theory

We consider an inelastic, or a reactive collision of the form
of eq 1, where the total “internal” angular momenta of the
collision partners or products are jA, jB, jC, and jD and the
quantum numbers for their projections onto the laboratory Z-axis
are mA, mB, mC, and mD, respectively. The angular momenta
may arise from nuclear motion, i.e., rotation, or may be
electronic in origin, i.e., spin or orbital electonic angular
momentum. The total internal reagent and product angular
momenta are jr ) jA + jB and j ) jC + jD, respectively.

In the asymptotic region, the scattering wave function in the
center of mass reference frame, Ψnr

(E,kr,k), obeys boundary
conditions corresponding to an incident plane wave for the

relative motion and an internal quantum state |nr〉 in the reactant
channel and outgoing spherical waves in all product channels
associated with internal quantum states |n〉.44-48

where kr and k are the wave vectors for relative motion in the
reactant and product channels respectively, E is the total energy,
k ≡ kCD ) [2µ(E - En)]1/2, µr and µ are the corresponding
reduced masses, nr and n are the sets of all quantum number
describing the reagent and product states, and R is the
interparticle distance before and after the reaction.

In the helicity representation nr ) Vr, jr, Ωr and n ) V, j, Ω,
where Ωr and Ω are the projections of the total internal angular
momenta jr and j onto the directions kr and k, respectively. The
indices Vr and V are the sets of all additional quantum numbers
that depend on the details of the structure of the reactants and
products.

The coordinate reference frames used in this paper are shown
in Figure 1. The Euler angles (�,ϑ,γ) specify the reactant
reference frame (z′-axis is parallel to the vector kr), the Euler
angles (φ,θ,�) specify the product reference frame (z-axis is
parallel to the vector k) with respect to the laboratory frame
XYZ. The polar angles (�k,ϑk) specify the direction of the
reactant relative wave vector, kr, in the product reference frame.

The scattering wave function Ψnr
(E,kr,k) in eq 2 depends on

two vectors, kr and k, and can be expanded at all internuclear
distances R over products of Wigner D matrices.47,49 In the total
angular momentum representation the scattering amplitude
fVjΩ;Vr jrΩr

(kr,k) in eq 2 can be written as (see Appendix A):

Figure 1. Coordinate reference frames used: (i) X, Y, Z is the laboratory
frame, (ii) the Euler angles φ, θ, � describe the product reference frame
where the z-axis is parallel to the recoil wave vector k, (iii) the Euler
angles �, ϑ, γ describe the reactant reference frame where the z′-axis
is parallel to the incident relative wave vector of the reactants kr, (iv)
the angles �k, ϑk describe the direction of the reactant relative wave
vector kr in the product frame.

Ψnr
(E,kr,k) ∼

Rf∞
eikr · R|nr〉 + ∑

n

fn,nr
(E,kr,k)

eikR

R
|n〉 (2)
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where J and M are the quantum numbers for the total angular
momentum and its projection onto the laboratory frame Z-axis,
DMΩr

J (�,ϑ,γ) is a Wigner D matrix, and TVjΩ;Vr jrΩr
J is the scattering

T matrix in the total angular momentum representation. The
dependence of the scattering amplitude on E in eq 3 has been
dropped for brevity.

For a reactive collision, where the nature of the collision
partners is changed by the scattering process, the boundary
conditions for the scattering wave function in eq 2 should be
modified because the inter-reagent distance R in the first term
differs in this case from the interproduct distance R′ in the
second term.46 The scattering amplitude, fVjΩ;Vr jrΩr

(kr,k), however,
may always be correctly expressed as an expansion over
products of two Wigner D matrices as shown in eq 3.

The differential reactive cross section is given by46

In keeping with past approaches, we can define a generalized
cross section as

The generalized differential cross section in eq 5 describes
the probability of detecting the reaction products C and D in
their coherent quantum states n, n′ arising from a coherent
distribution of reactant states nr, nr′, including all coincidence
effects.40 We have been careful to define the generalized cross
section so that primed and unprimed variables appear in a
symmetric manner. The “diagonal” terms of the generalized
cross section (σVjΩ,Vj Ω;Vr jr Ωr,Vr jrΩr

(kr,k)) yield, as expected, the
standard differential cross section of eq 4.

The total reagent angular momentum jr may be polarized.
This means that its magnetic sublevels, labeled by mr in the
space-fixed coordinate system, may be unequally populated. We
will describe this polarization using the laboratory frame reagent
density matrix,40,50 Fjr′mr′ jrmr

, where in general jr′ * jr and mr′ *
mr. In the present paper we will not consider the correlation
between different jr rotational levels of the reactants and
therefore assume that jr ) jr′. Though the jr, jr′ coherence may
become important if, for instance, the initial reagent polarization
is produced by a short laser pulse. The reaction cross section
resulting from an initially polarized state of the reactants is
obtained by averaging of the generalized reaction cross section
in eq 5 over the reagent quantum numbers mr, mr′ as follows:

Note that the cross section in the right-hand side of eq 6 has
been partially transformed from the reactant coordinate helicity
representation in which the angular momentum projections are
taken onto the vector kr in Figure 1 and are denoted by Ωr to
a space-fixed representation. This transformation involves two
Wigner D matrices and the associated summations. Full details
of the transformation are given in the notes deposited as
Supporting Information.

In this paper we use the irreducible representation of the
density matrix and express the elements of the reagent density
matrix in terms of the coVariant state multipole moments FKrQr

(jr)

which are defined as50

where Kr and Qr are the reagent state multipole rank and its
projection onto the direction of the laboratory Z-axis, respectively.

The experiments often involve the detection of only one of
the reaction products and therefore do not yield simultaneous
vector correlation information concerning both of them. The
corresponding cross section involves averaging over the quantum
numbers of the nondetected reaction product. This averaging is
performed by taking the trace of the generalized cross section
in eq 6 over the quantum numbers VD, jD, and ΩD that are not
actually measured:

where Cj
CΩC jDΩD

jΩ is a Clebsch-Gordan coefficient and ΩC,ΩC′
are projections of the angular momenta jC, jC′ onto the product
recoil direction k. We have omitted the quantum numbers V
and V′ from the left-hand side of eq 8 for compactness of
notation.

We assume in eq 8 that the product C is detected in a definite
quantum state characterized by the quantum numbers VC and jC

but that the product D is not detected, and we therefore sum
over all its possible states.

Note that only the averaging over the helicity quantum
number ΩD in eq 8 is important for the results presented below.
One may skip the summation over the quantum numbers VD

and jD in eq 8 and consider the case when the product D is
detected in a quantum state |VD,jD〉; however, no information
on the angular momentum polarization of this product is
available.

The diagonal (ΩC′ ) ΩC) elements of the generlaized cross
section σΩc

′,Ωc

(jc) (kr,k) give the probability of producing the
reaction product with a specific value of the fragment angular
momenta and its k-component ΩC, while the off-diagonal
elements (ΩC * ΩC′ ) describe the coherence between these
states.40,41

We now express the elements of the generalized differential
cross section σΩc

′,Ωc

(jc) (kr,k) in terms of state multipole mo-
ments,40 which are spherical tensors with the rank K and
projection qk onto the product recoil vector k using the
formula:43

fVjΩ;Vr jrΩr
(kr,k) )

i

2√kVr jr

ABkVj
CD

∑
J,M

(2J + 1)DMΩr

J (�,ϑ,γ) DMΩ
J *(φ,θ,�)TVjΩ;Vr jrΩr

J

(3)

σVjΩ,Vr jrΩr
(kr,k) ) (µrk

CD

µkr
AB )|fVjΩ;Vr jrΩr

(kr,k)|2 (4)

σV'j'Ω′,VjΩ; Vr
′ jr′Ωr

′,Vr jrΩr
(kr,k) )

(µr

µ )(kVj
CDkV'j'

CD

kVr jr

ABkVr
′ jr′

AB)1/2

fVjΩ;Vr jrΩr
* (kr,k) fV'j'Ω′;Vr

′ jr′Ωr
′(kr,k) (5)

σV'j'Ω′,VjΩ(kr,k) ) ∑
mr,mr′

Fjrmr jrmr′σV'j'Ω′,VjΩ;Vr jrmr′,Vr jrmr
(kr,k)

(6)

FKrQr

(jr) ) ∑
mr

′,mr

(-1)jr-mr(2Kr + 1)1/2(jr jr Kr

mr -mr′ -Qr
)Fjrmr

′ jrmr

(7)

σΩc
′,Ωc

(jc) (kr,k) )

∑
VD,jD,ΩD

∑
j',Ω′

∑
j,Ω

CjCΩC
′ jDΩD

j'Ω′ CjCΩCjDΩD

jΩ σV'j'Ω′,VjΩ(kr,k) (8)
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where the factor in the brackets is a 3j-symbol,42 σ0 )
(2jC + 1)-1/2〈Tr[σ(jC)(kr,k)]〉 is the total reaction cross section
calculated for the case of unpolarized reactants, Fjr′mr′ jrmr

)
δjj,jr′ δmr,mr′, and the angular brackets indicate integration over
the recoil angles θ,φ. The explicit expression for the total
reaction cross section σ0 is given in Appendix B, eq B3.

The product state multipole rank, K, in eq 9 is an integer
number and ranges in the interval 0 e K e 2jC. The quantum
number for its projection, qk, on the product recoil vector takes
on values over the range -K e qk e K. Due to the symmetry
properties of the 3j-symbol, the projection qk is equal to qk )
ΩC - ΩC′ .

The state multipole moments F
Kqk

(jC)(kr,k) in eq 9 have clear
physical meanings. In particular, the state multipole moment
with K ) qk ) 0 is proportional to the conventional differential
reaction cross section:

while all multipole moments with K > 0 refer to the product
angular momentum distribution.

In the product recoil frame used in eq 9, the z-axis is parallel
to the product recoil wave vector k. It can be shown40 that the
qk ) 0 component of the state multipole moment F

K0
(jC) with rank

K is proportional to the mean value of the Kth power of the
z-component of the angular momentum jC. In particular for K
) 1, 2,

Equations 11 and 12 refer to the angular momentum distribu-
tions which are axially symmetric with respect to the z-axis. In
contrast, the expressions for the qk * 0 components of the state
multipole moment F

Kqk

(jC) contain the mean values of the powers
of the x and y-components of the angular momentum jC and
refer to the angular momentum distributions which are not
axially symmetric with respect to the z-axis.

The equations presented so far, eqs 3 and 5 have been written
in terms of a standard helicity representation in which the
reactant angular momenta are referred to the reactant relative
momentum vector, kr, and the angular momenta of the products
are referred to the product recoil vector k. The principal novel
idea of the ensuing derivation is that all angular momenta
involved in the problem will be referred to the direction of the
product recoil Vector k. We call this the product reference (PR)

frame. The laboratory frame reagent state multipole moment
of eq 7 is expressed in the PR frame as42

where qr is the projection of the rank Kr onto the direction of
the product recoil wave vector k. As will be shown below, the
angle � in eq 13 can be set to zero without any loss of generality
(see a comment after eq 20).

Starting from eqs 5, 8, and 9 we show in Appendix B (and
in greater detail in notes deposited as Supporting Information)
that the product C state multipole moments can be presented in
the PR frame in the following compact form:

where qk ()qi) is the projection of both the ranks K and Ki onto
the product recoil vector k.

All indices in eq 14 have clear physical meaning. In particular,
the rank L is associated with the angular momentum arising
from the relative motion of the reactants, the rank Kr is
associated with the polarization of the total angular momentum
of the reactants jr, the rank Ki describes the total reagent
anisotropy (arising from the coupling of L and Kr; see Appendix
B eq B6), and the rank K describes the polarization of the
product angular momentum jC.

The spherical tensor RKiqi
KrL(ϑk,�k) in eq 14 with the rank Ki

and projection qi describes the initial anisotropy of the particles
A and B before the reaction. It is given as an irreducible product
of the spherical harmonic YLql

(ϑk,�k) and the reagent state
multipole moment FKrqr

(jr) in eq 13:

where CLql Krqr
Kiqi is a Clebsch-Gordan coefficient and the spherical

angles (ϑk, �k) specify the direction of the wave vector of the
relative motion of the reactants kr in the PR reference frame;
see Figure 1.

Using eq 13, the spherical tensor RKiqi
KrL(ϑk,�k) in eq 15 can

be written as an explicit function of two pairs of the polar angles
ϑk, �k and θ, φ. As can be shown, the tensors RKiqi

KrL(ϑk,�k) are
orthogonal as a function of the polar angles (ϑk, �k) and (θ, φ)
over the indices Ki, qi, and Kr, L. Therefore, the expansion
coefficients cKiqk

K (Kr,L) in eq 14 are scalar quantities defined as

where the double angular brackets signify integration over all
angles.

The proportionality constant N in eq 14 can be chosen as

providing the normalization conditions: c
00
0 (0,0) ) 1 and 〈F

00
(jC)〉

) 1/[2jC + 1]1/2. The explicit expression for the coefficients

FKqk

(jC)(kr,k) ) 1

(2jC + 1)1/2σ0

×

∑
ΩC

′ ,ΩC

(-1)jC-ΩC(2K + 1)1/2 ×

(jC jC K
ΩC -ΩC′ -qk

)σΩC
′ ,ΩC

jc (kr,k) (9)

F00
(jC)(kr,k) ) 1

(2jC + 1)σ0
∑
ΩC

σΩC,ΩC

jC (kr,k) (10)

F10
(jC) ) ( 3

jC(jC + 1)(2jC + 1))1/2
〈(jC)z〉 (11)

F20
(jC) )

( 5
jC(jC + 1)(2jC - 1)(2jC + 1)(2jC + 3))1/2

〈3(jC)z
2 - jC

2〉

(12)

FKrqr

(jr) ) ∑
Qr

FKrQr

(jr) DQrqr

Kr (φ,θ,�) (13)

FKqk

(jC) ) N ∑
Ki

∑
L,Kr

cKiqk

K (Kr,L) RKiqk

KrL (ϑk,�k) (14)

RKiqi

KrL(ϑk,�k) ) ∑
ql,qr

CLqlKrqr

Kiqi YLql
(ϑk,�k)FKrqr

(jr) (15)

cKiqk

K (Kr,L) ) N-1
〈〈FKqk

jC RKiqi

KrL*〉〉

〈〈RKiqk

KrL RKiqi

KrL*〉〉
(16)

N )
√2jr + 1

√4π(2jC + 1)
(17)
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cKiqk
K (Kr,L) in terms of the quantum scattering matrix is given in

eq B6 of Appendix B.
No simplifying assumptions have been used in derivation of

eqs 14-16 or the equations of Appendix B, they depend only
on the explicit form of the scattering amplitude in eq 3 and on
the symmetry of the spherical tensors under rotation of the
coordinate systems.

Equation 14 makes explicit that the quantum numbers qk and
qi are equal to each other. They can take the values qk ) qi )
0, (1, (2, ..., as long as |qk| e |K| and |qi| e |Ki|. From eq 15
we see that qi ) qr + ql arises from a coupling of the reactant
polarization and the relative motion of the reactants. But
the Clebsch-Gordan coefficient CjΩK-qk

j′Ω′ in eq B4 also shows
that qk ) Ω-Ω′, where Ω and Ω′ are helicity quantum numbers
related to the polarization of the products. The quantum number
qk ) qi is therefore related to the polarization of both the
reactants and the products and is conserVed throughout the
reaction. The conservation of qk shows up through the fact that
the spherical tensors of the rank K in the right and left-hand
sides of eq 14 transform in the same way under rotation about
the vector k (i.e., the z-component of the rank, qk, is conserved
throughout).

Conservation of the quantum number qk is an important new
selection rule which is valid when the differential cross section
is averaged over the helicity quantum numbers ΩD of the second
(undetected) product, as shown in eq 8. This selection rule
underlies the polarization and coherence effects of the product
angular momentum in inelastic and reactive collisions.43 It is
worth while noting that neither the reagent and product angular
momenta jr and j nor their helicity projections Ωr and Ω in eq
3 are in general preserved in the reaction 1.

Transforming the spherical harmonics YLql
(ϑk,�k) in eq 15 to

the laboratory reference frame:

using eq 13, and applying the Clebsch-Gordan series,42 the state
multipole angular distribution in eq 14 can be written in the
laboratory frame where all angular momenta are projected onto
the laboratory Z-axis (see Figure 1 and Supporting Information):

where the spherical tensor RKiQi
KrL (ϑ,�) in the laboratory frame

is given by

where Q, Qi, Qr, and QL are projections of the corresponding
ranks onto the laboratory Z-axis. The left-hand side of eq 19
does not in fact depend on the value of the third Euler angle
�, which can therefore be set to zero without any loss of
generality.

Equations 14-20 represent the main result of this paper.
Equation 19 provides a compact and universal expression for
the product recoil angle dependence, in the laboratory reference

frame, of the polarization of one of the scattered products in an
experiment arising from a general polarized angular momentum
distribution in the reactants. It is completely general and depends
only on the symmetry of the quantum mechanical scattering
amplitude and on the properties of spherical tensors irrespec-
tively of the reaction dynamics. Equations 14 and 19 hold in
general because any solution of the scattering equations can be
presented in the form given in these equations. The equations
are fully quantum mechanical and can be used for the description
of the angular momentum anisotropy arising in elastic, inelastic,
or reactive collisions between atomic, molecular, or nuclear
particles possessing any values of their internal angular mo-
menta, including spin.

The spherical tensor in eq 20 is a direct product of the
laboratory frame spherical harmonic YLQL

(ϑ,�) and the reagent
state multipole moment F

KrQr

(jr) . YLQL
(ϑ,�) describes the anisotropy

caused by the relative motion of the reactants, while F
KrQr

(jr)

describes the anisotropy caused by the polarization of the
“internal” reagent angular momentum jr.

The expansion coefficients cKiqk
K (Kr,L) in eqs 14 and 19 can

be used as a set of the universal anisotropy transforming
parameters to describe the collisional dynamics. The parameters
do not depend on any angles nor on any experimental details
or methods used. They contain all information about the body-
frame molecular dynamics of the collision or reaction process
and are based on rigorous quantum mechanical theory. The
coefficients cKiqk

K (Kr,L) in eq 14 are the elements of a matrix
that performs a transformation between the initial anisotropy
of the reagents, described by the spherical tensor RKiqk

KrL , and the
anisotropy in the reaction product described by the spherical
tensor F

Kqk

(jC).
The anisotropy-transforming coefficients cKiqk

K (Kr,L) are in
general complex (in the mathematical sense). Using the sym-
metry properties of spherical tensors, we can show from eq 14
that they obey the following relationship:

It follows from eq 21 that the coefficients cKi0
K (Kr,L) are real.

As has recently been shown by Shternin and Vasyutinskii39

who considered the photolysis of an isotropic ensemble of
molecules, the fragment state multipoles in the recoil and
laboratory reference frames can also be represented in forms
similar to those in eqs 14 and 19. In this case Kr ) 0 and the
spherical harmonics describing the relative motion of the
reaction reagents, YLql

(kr) in eqs 15 and 20, are replaced by
the photon polarization matrix EKphqph

(e), where e is the
polarization vector of the photolysis light. In the photolysis
case, the number of terms in the expansions (14) and (19) is
always finite, because the photon rank, Kph, is limited to the
values Kph ) 0, 1, 2.50 Shternin and Vasyutinskii39 have
shown that, in the case of photolysis, all the anisotropy
coefficients cKphqk

K are either proportional to other commonly
used anisotropy parameters51 or equal to zero, with c

00
0 )

-�3.
Applying the Clebsch-Gordan series41 to the product of the

two Wigner D matrices in eq 19, this state multipole angular
distribution can be presented in an alternative form:

YLql
(ϑk,�k) ) ∑

QL

YLQL
(ϑ,�) DQLql

L (φ,θ,�) (18)

FKQ
(jC) )

N ∑
Ki,qk,Qi

∑
L,Kr

cKiqk

K (Kr,L) DQqk

K *(φ,θ,�) DQiqk

Ki (φ,θ,�) RKiQi

KrL (ϑ,�)

(19)

RKiQi

KrL (ϑ,�) ) ∑
QL,Qr

CLQLKrQr

KiQi YLQL
(ϑ,�)FKrQr

(jr) (20)

[cKiqk

K (Kr,L)]* ) cKi-qk

K (Kr,L) (21)

FKQ
(jC) ) √4πN ∑

Ki,N
∑
L,Kr

(2Λ + 1)1/2PΛKi

K (Kr,L) ×

[YΛ(θ,φ) X RKi

KrL(ϑ,�)]KQ (22)
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where the term in the square brackets is a direct product of the
spherical harmonic YΛλ(θ,φ) and the spherical tensor RKiQi

KrL(ϑ,�)
in eq 20

and PΛKi
K (Kr,L) is the scalar line strength factor which can be

presented in the form:

The angular distribution in eq 22 is equivalent to eq 19;
however, it is written in a form of an expansion over the
spherical harmonics YΛλ(θ,φ), rather than of an expansion over
the product of two D-functions in eq 19. In the case of the
expansion in eq 22, the scalar line strength factors PΛKi

K (Kr,L)
in eq 24 are used as basic expansion coefficients instead of the
anisotropy-transforming parameters cKiqk

K (Kr,L).
The application of eqs 14 and 19 to the analysis of product

state polarization distributions in several different experimental
situations is discussed in the next section.

III. Discussion

A. Reaction between Unpolarized Particles. If the reaction
occurs between unpolarized reagents, the reagent total angular
momenta jr are isotropically distributed in space. In this case
the rank Kr in eqs 15 and 14 is equal to zero, F

Krqr

( jr) ≡ F
00
(jr) )

1/[2jr + 1]1/2, Ki ) L, and the state multipole moments for the
polarization of the product angular momentum in the PR frame,
F

Kqk

(jC) in eq 14, depend only on the direction of the initial relative
reactant wave vector kr(ϑk,�k) in the PR frame; see Figure 1.
In this case eq 14 can be written as

where cLqk
K ≡ cLqk

K (0,L) and c
00
0 ) 1.

1. Detection of the Product Distribution. If only the relative
number P of the reaction product is detected, K ) qk ) 0 and
eq 25 describes the v - v correlations as in the conventional
differential reaction cross section P ) (2jC + 1)1/2F

00
(jC)(�k,ϑk):

As shown in eq 26, the spatial distribution of the reaction
products is cylindrically symmetric when viewed in either the
reactant or the product reference frames and does not depend
on the azimuthal angle �k. The distribution in eq 26 is an
expansion over the Legendre polynomials PL(cos ϑk) of the ranks
L ) 0, 1, 2, .... The odd-order terms in this expansion describe
the forward-backward anisotropy of the differential reaction
cross section, while the even-order terms are symmetric with
respect to forward-backward scattering and describe the
alignment of the scattering along this direction. This type of

distribution of the reaction products have been intensively
studied both experimentally and theoretically.52 The correspond-
ing laboratory frame expression is given by eq 19, where K )
Kr ) qk ) qr ) 0:

where the polar angles (θ, φ) and (ϑ, �) specify the directions
k and kr in the laboratory frame; see Figure 1. The number of
the expansion terms in eqs 26 and 27 is in principle infinite;
however, in practice the expansion may be truncated by
neglecting the higher order terms, which become less important
after some value of L. Also, the angular distribution of the
reagent relative velocities kr can often be presented as an
expansion over a finite number of spherical harmonics, resulting
after averaging over the angles �, ϑ in eq 27 in a finite number
of the coefficients c

L0
0 .

In particular, if the reaction reagents are produced in the
photolysis of precursor molecules, the angular distribution of
the relative reagent wave vectors kr(ϑ) can be described by the
well-known formula41 f(cos ϑ) ∼ 1 + 	P2(cos ϑ). Averaging
of the angular distribution in eq 27 over the f(cos ϑ) distribution
gives the product angular distribution containing only two terms
(see ref 53 for an early, slightly approximate, derivation):

2. Detection of the Product Angular Momentum Polariza-
tion. If the distribution of the reaction products in definite
(polarized) quantum states is detected, the product state mul-
tipole moments of eq 25 with K > 0 describe the v - j
correlations. The product state multipole moments are in this
case proportional to the polarization-dependent differential
cross sections, σ

Kqk

jC (ϑk,�k) ∼ F
Kqk

( jC)(ϑk,�k).36 The anisotropy
coefficients cLqk

K appearing in the expansion of the product state
multipoles (eq 25) provide a convenient measure and codifica-
tion of the product angular momentum anisotropy. The quantum
number L in general ranges from zero to infinity, the rank K
ranges from K ) 0 to K ) 2jC, and the projection qk ranges
from qk ) -min(L,K) to qk ) min(L,K). The terms in eq 25
with odd values of the rank K describe the orientation of the
product angular momentum jC and the terms with even, nonzero
values of the rank K describes the alignment of the product
angular momentum jC.

The symmetry of the state multipole moments F
Kqk

( jC)(ϑk,�k)
distribution in eq 25 is in general determined by two vectors kr

and jC and depends strongly on the index qk. If qk ) ΩC - ΩC′
) 0, which is associated with the noncoherent product angular
momentum distribution, the distribution of the product angular
momentum jC is symmetric with respect to rotation about the
product frame z-axis (the product recoil vector k); see eqs 11
and 12. In these cases, the distribution in eq 25 depends on the
polar angle ϑk between the directions k and kr but does not
depend on the azimuthal angle �k. Therefore the qk ) 0 state
multipole moments F

Kqk

( jC)(ϑk,�k) are always cylindrically sym-
metric about the product recoil vector k.

[YΛ(θ,φ) X RKi

KrL(ϑ,�)]KQ ) ∑
λ,Qi

CΛλKiQi

KQ YΛλ(θ,φ) RKiQi

KrL (ϑ,�)

(23)

PΛKi

K (Kr,L) ) ∑
qk

(-1)K-qk

cKiqk

K (Kr,L)

√2K + 1
(Λ Ki K
0 -qk qk

)
(24)

FKqk

(jC)(ϑk,�k) )
1

√4π(2jC + 1)
∑

L

cLqk

K YLqk
(ϑk,�k) (25)

P ) 1

√4π
∑

L

cL0
0 YL0(ϑk,�k) )

1
4π ∑

L

cL0
0 √2L + 1PL(cos ϑk)

(26)

P ) 1

√4π
∑
L,QL

cL0
0 DQL0

L (φ,θ,0) YLQL
(ϑ,�) )

∑
L,QL

cL0
0

YLQL
* (θ,φ) YLQL

(ϑ,�)

√2L + 1
(27)

〈fP 〉 ) 1
4π[1 +

c20
0 	

√5
P2(cos θ)] (28)
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When K * 0, qk ) ΩC - ΩC′ * 0, there is a coherence
between ΩC and ΩC′ helicity states and the angular momentum
jC is not distributed in a manner which is symmetric with respect
to rotation about the product frame z-axis. The product state
multipole, or the polarization dependent differential cross
section,36 in eq 25 depends on both the angles ϑk and �k and
therefore breaks the cylindrical symmetry about the product
recoil vector k.

Note that the necessary procedures for experimentally mea-
suring each of the two types of state multipole moments
discussed in this subsection are now well developed and
routinely used in photodissociation studies.38,43 Analogous
alignment moments have also been measured for rotationally
inelastic scattering.54

B. Reaction between Polarized Particles in a Bulk Envi-
ronment. If the polarization of the total reagent angular
momentum jr is considered, the rank Kr in eqs 15 and 20 differs
from zero, 0 < Kr e 2jr. Odd values of the rank Kr are
responsible for the orientation and even values of rank Kr are
responsible for the alignment of the total reagent angular
momentum jr, respectively.

In this section we consider the reaction in the bulk environ-
ment, when the distribution of the relative reagent wave vectors
kr is isotropic. In this case, the rank L in eqs 15 and 20 is equal
to zero and the product-frame product angular distribution in
eq 14 can be written as

The corresponding laboratory-frame distribution which can
be readily obtained from eq 19 is given by

The product state multipole moment distribution in eqs 29
and 30 describes the polarization of the product angular
momentum jC and depends on the polarization of the reactant
angular momentum jr. The rank K ranges from 0 to 2jC, the
rank Kr ranges from 0 to 2jr, and the projection qk ranges from
qk ) -min(Kr,K) to qk ) min (Kr,K). Thus, the total number of
the terms in the expansions in eqs 29 and 30 is always finite.

Assuming that the initial distribution of the reagent angular
momenta jr is symmetric with respect to the laboratory Z-axis,
we can hold Qr ) 0 in eq 30. Both Q ) 0 and Q * 0
components of the product state multipole moments F

KQ
(jC)(φ,θ)

can differ from zero in eq 30.
The Q ) 0 components depend on the polar angle θ but

do not depend on the azimuthal angle φ, and therefore they
describe the distribution of the product angular momentum
vectors jC, which possesses cylindrical symmetry with respect
to the direction of the axis Z. Only these components exist
if the number of reaction products, P, is detected, K ) Q )
0 and eq 29 describes the j - v correlations in the differential
reaction cross section σ(θ,φ) ∼P ) (2jC + 1)1/2F

00
(jC)(θ,φ).

The Q * 0 components of the product state multipole
moments F

KQ
(jC)(φ,θ) in eq 30 depend of both polar angles θ

and φ, and therefore they describe the distribution of the
vectors jC which break the cylindrical symmetry about the
axis Z.

C. Reaction between Polarized Particles in the Crossed
Molecular Beam Conditions. 1. Total Reaction Yield. When
the total reaction yield is detected, eq 19 with K ) Q ) 0 should
be integrated over the recoil angles θ and φ. The polarization
effects in the total cross section in atom-atom inelastic
transitions have been experimentally observed by Leone et
al.7,12,13 and Manders et al.14,15 and interpreted through potential-
curve crossing and locking-radius models.16,17 In this case, eq
19 can be presented in the form

where the term in the parentheses is a tensor scalar product:42

As shown in eq 31, the total reaction yield 〈F
00
(jC)〉 depends on

the scalar product of a spherical harmonic dependent on the
direction of reagent relative wave vector kr and the state
multipole describing the polarization of the reagent angular
momentum jr. The quantum number Kr in eq 31 is limited to Kr

) 0,..., 2jr, and therefore the number of coefficients c
00
0 (Kr,Kr)

) c(Kr) needed for the complete description of the polarization
effects is in general equal to 2jr + 1. However, in the case when
the reagent angular momentum polarization is prepared by a
one-photon laser excitation, Kr ) 0, 1, 2 and the number of the
coefficients is equal to 3.

2. Differential Cross Section of the Reaction Products. In
this case, the product polarization rank K and its projections qk

and Q are equal to zero. The zeroth rank PR frame state
multipole moment F

00
(jC) in eq 14 in general depends on the two

vectors kr and jr and its laboratory-frame counterpart in eq 19
depends on the three vectors kr, jr, and k. Experimentally, the
electronic orbital angular momentum alignment dependence of
the reaction differential cross section in cross-beam experiments
have been studied for atom-atom collisions by Visticot et al.19

and for atom-molecule collisions by Suits et al.18

In this case qi ) 0 and ql ) -qr in eqs 14 and 15. The terms
with ql ) qr ) 0 do not depend on the angle �k and refer to the
product distribution, which is cylindrically symmetric with
respect to the direction of the vector kr. In particular, if the
reagent angular momentum polarization is zero, Kr ) qr ) 0,
then the scattering is always cylindrically symmetric. However,
if the reagent angular momentum polarization is nonzero, Kr *
0, the terms with qr * 0 yield product distributions which break
the cylindrical symmetry.

The laboratory frame state multipole moments eq 19 are
presented in the form

As shown in eq 33, the product angle distribution is expressed
as a sum of scalar products of the spherical tensors YKiQi

(θ,φ)
and RKiQi

KrL(ϑ,�).

FKqk

(jC) ) N

√4π
∑
Kr

cKrqk

K (Kr,0)FKrqk

(jr) (29)

FKQ
(jC)(θ,φ) )
N

√4π
∑
qk

∑
Kr,Qr

cKrqk

K (Kr,0) DQqk

K *(φ,θ,0) DQrqk

Kr (φ,θ,0)FKrQr

(jr) (30)

〈F00
(jC)〉 ) 4πN ∑

Kr

(-1)Kr
c00

0 (Kr,Kr)

√2Kr + 1
(FKr

(jr) ·YKr
(ϑ,�))

(31)

(FKr
(jr) ·YKr

(ϑ,�)) ) ∑
Qr

FKrQr
(jr) YKrQr

* (ϑ,�) (32)

F00
(jC) ) √4πN ∑

Ki,Qi

∑
L,Kr

cKi0
0 (Kr,L)

√2Ki + 1
YKiQi

* (θ,φ) RKiQi

KrL (ϑ,�)

(33)
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3. Net Angular Momentum Polarization of the Reaction
Products. In this case, the product polarization rank K is
assumed to be nonzero and integration over the recoil angles θ
and φ in eq 19 should be performed. This type of polarization
effect was first reported in an atom-molecule reaction by
Rettner and Zare.5 The laboratory-frame product distribution
in eq 19 is in general dependent on three vectors kr, jr, and jC.
Equation 19 then gives rise to

4. Angular Distribution of the Product Angular Momenta
Polarization. In this case, neither the ranks L nor Kr nor Ki can
be set equal to zero. The product-frame product distribution in
eq 14 depends on three vectors kr, jr, and jC and the laboratory-
frame product distribution in eq 19 depends on the four vectors
kr, jr, k, and jC. Such four-vector correlations have been
intensively studied in recent decades in atom-atom and
atom-molecule inelastic and reactive scattering.20,23,24,29,36 The
total number of the anisotropy coefficients cKiqk

K
(Kr,L) in eqs 14

and 19 is in general infinite; however, it can be reduced to a
finite number depending on the conditions of experiment as
discussed above.

IV. Conclusion

We have used quantum mechanics to derive a compact and
completely general theoretical description of the product angular
momentum polarization in a general bimolecular reactive
scattering experiments. The theory allows for both reactants and
both products to possess internal angular momentum, which may
be electronic in origin or may arise from the rotation of the
reactant or product molecules. The theory as presented in eqs
14 and 19 introduces a new anisotropy transforming parameter
cKiqk

K (Kr,L) which is independent of all angles and relates the
angular momentum polarization of the reactants to that of the
product molecule that is measured. The theory presented in
the paper assumes that the angular momentum polarization of
only one of the reaction products is measured. Further develop-
ment of the theory could take account of the more general
situation where the angular momentum polarization of both
scattering products are measured in coincidence.

The derivation of the theory has exposed a new conservation
rule. This is embodied in eq 14, which shows that the projection
quantum number qk arising from the coupling of reactant angular
momenta, is conserved in the product angular momentum state
multipole F

Kqk

( jC). This new conservation rule comes about through
the fact that all angular momenta are projected onto the prod-
uct recoil momentum vector.

Expressions are presented (eqs 14 and 19) for the product
angular momentum state multipoles (i.e., their angular momen-
tum polarization) in both a helicity representation, where the
product angular momentum is projected onto the product relative
recoil vector k and in a laboratory frame representation.

The laboratory frame product angular momentum distribution
as expressed in eq 19, or in the form in eq 22, provides a
powerful tool for experimentalist because it permits the deter-
mination from experiment of a set of the angle independent
anisotropy-transforming coefficients cKiqk

K (Kr,L) for any inelastic
or reactive collision process irrespectively to the reaction
mechanism.

As shown above, the coefficients cKiqk
K (Kr,L) are also directly

related to the solution of the quantum scattering theory equations
and in principle can be computed from the ab initio theory.
Simultaneous determination of the anisotropy coefficients from
experiment and comparison with their theoretical values will
result in realization of the complete experiment1 in the field of
the reaction dynamics. The anisotropy coefficients may alter-
natively be referred to as anisotropy-transforming coefficients
as their role is to map the angular momentum anisotropy present
in the reactants onto that which is observed through an
examination of the reaction products.

Several examples of the use of the formulas to analyze
different experimental situations are discussed. A more detailed
derivation of most of the underlying theory is presented in notes
available in the Supporting Information.
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Appendix A: Scattering Amplitude Expansion

The derivations outlined in this appendix are available in an
extended form in the Supporting Information. The scattering
wave function Ψnr

(E,kr,k) in eq 2 depends on two vectors kr

and k and can be expanded for all distances R over the set of
internal fragment wavefunctions and spherical top eigenfunctions
or Wigner D matrices. To find an appropriate form of this
expansion, possessing the desired asymptotic boundary condi-
tions, we first consider the expansion of a plane wave moving
in the direction kr:46,47

where jl(krR) is a spherical Bessel function and the reagent
internal wave function |Vr jrmr〉 is written in the laboratory
reference frame.

Projecting the electronic wave function |Vr jrmr〉 in eq A1 onto
the direction k and substituting the unitary relationship for the
Wigner rotation matrices,42

applying the Clebsch-Gordan series,42 and proceeding with a
summation over the indices ml and m′, one can transform the
expansion in eq A1 into the total angular momentum JM
representation. Then, using the asymptotic expression for the
spherical Bessel function jl(krR) and proceeding with a sum-
mation over l, one can rewrite the plain-wave expansion in eq
A1 in the reactant reference frame as (see Supporting Information)

〈FKQ
(jC)〉 ) 4π

2K + 1
N ∑

qk

∑
L,Kr

cKiqk

K (Kr,L) RKiQi

KrL (ϑ,�)

(34)

eikrR|Vr jrmr〉 ) 4π ∑
l)0

∞

∑
ml)-l

l

iljl(krR) Ylml
* (kr) Ylml

(k)|Vr jrmr〉

(A1)

∑
m′,Ωr

DmΩr

j (�,ϑ,γ) Dm'Ωr

j* (�,ϑ,γ) ) 1 (A2)

eikr ·R|Vr jrΩr〉 ) - i
2krR

∑
J,M,Ω

(2J + 1)[δΩr,Ω
eikrR -

(-1)J-jrδΩr,-Ωe-ikrR] ×

DMΩr

J (�,ϑ,γ) DMΩ
J* (φ,θ,�)|Vr jrΩ〉 (A3)
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The expansion in eq A3 shows that the asymptotic expression
for the total scattering wave function in eq 2 can in general be
written in the form

where the T matrix is related to the standard S matrix by47

The S matrix is obtained from the analysis of the asymptotic
form of the solution of the coupled differential equations arising
in the scattering problem.46,47,55 The expansion (A4) agrees with
the results reported by Pack49 and by Nikitin and Umanskii;47

however, it is generalized to the case of an arbitrary inelastic
or reactive collision.

Comparison of eqs 2 and A4 gives eq 3.

Appendix B: Derivation of Eq 14

The derivations outlined in this appendix are available in an
extended form in the Supporting Information. Substituting eq
3 into eq 5, using the Clebsch-Gordan series, and performing
a summation over the indices M and M′, on can rewrite eq 5 in
the form

Partially transforming this generalized cross section so that
the reactant angular momenta are projected onto the laboratory
z-axis, multiplying by the reagent density matrix, averaging over
mr and mr′ as indicated in eq 6, and then transforming the state
multipoles (eq 7) to the product recoil axis system (see eq 13),
one can rewrite the expression for the generalized cross section
as

where qr is the projection of the reagent multipole rank Kr onto
the product recoil axis k.

The total integral cross section, σ0, which enters eq 9 is given
by σ0 ) (2jC + 1)-1/2〈Tr[ σΩc

′,Ωc

(jc) (kr,k)]〉 for the case when there

is no reactant polarization and can be shown to be given by
(see Supporting Information)

where the symbol {jCjDj} means that the corresponding three
quantum numbers obey the triangle rule: |jC - jD| e j e jC +
jD.

Equation B2 is now substituted into eq 8, and the result is
used in eq 9. The summations over the indices ΩC, ΩC′ , and
ΩD are then performed using eq 8.7.3.(12) of ref 42 and
transforming from the spherical angles φ, θ, � and �, ϑ, γ to
the spherical angles �k, ϑk in Figure 1 using the addition theorem
for the Wigner D matrices,41,42 the C fragment product state
multipole can be expressed in the form (see Supporting
Information)

This product state multipole can be rewritten as

where

and

Ψnr
(E,kr,k) ∼

Rf∞
eikr ·R|Vr jrΩr〉 +

∑
J,M,Ω

∑
Vj

i(2J + 1)

2√kVr jr

ABkVj
CD

TVjΩ;Vr jrΩr

J eikVj
CDR

R
DMΩr

J (�,ϑ,γ) DMΩ
J* (φ,θ,�)|VjΩ〉

(A4)

TVjΩ;Vr jrΩr

J ) δΩ,Ωr
δj,jr

δV,Vr
- SVjΩ;Vr jrΩr

J (A5)

σj'Ω′, jΩ; jrΩr′, jrΩr
(kr,k) )

1

4(kVr jr

AB)2 ∑
J

∑
J'

(2J + 1)(2J' + 1)(-1)Ωr-Ω ×

∑
KiRR′

∑
	′

CJ-ΩrJ'Ωr
′

KiR′ CJ-ΩJ'Ω′
Ki	′ DRR′

Ki (�,ϑ,γ) ×

DR	′
Ki*(φ,θ,�)TVjΩ,Vr jrΩr

CD,J* Tv'j'Ω′,V'r jrΩ′r
CD,J' (B1)

σj'Ω′,jΩ(kr,k) ) ∑
Kr,Qr

(-1)Kr-Qr-jr-Ω ∑
qr

FKrqr

(jr) DQrqr

Kr* (φ,θ,�) ×

1

4(kVr jr

AB)2 ∑
ΩrΩ′r

∑
J

∑
J'

(2J + 1)(2J' + 1) ×

∑
KiRR′

∑
	′

DRR′
Ki (�,ϑ,γ)CJ-ΩrJ'Ω′r

KiR′ ×

DR	′
Ki*(φ,θ,�)CJ-ΩJ'Ω′

Ki	′ D-QrR′
Kr* (�,ϑ,γ)Cjr-Ωr jrΩ′r

KrR′ {TVjΩ,Vr jrΩr

CD,J* TV'j'Ω′,V'r jrΩ′r
CD,J' }

(B2)

σ0 ) π
(kVr jr

AB)2 ∑
J

(2J + 1)
(2jr + 1) ∑

jD

∑
Ω,Ωr

{jCjDj}|TVjΩ,Vr jrΩr

CD,J |2
(B3)

FKqk

jC (kr,k) )

{ √π
2kVr

′ jr

ABkVr jr

AB

δqi,qk

σ0 } ∑
Ki,R′

∑
L,Kr

∑
νD,jD

∑
j,Ω

∑
j',Ω′

∑
ΩrΩr′

. ∑
J,J'

×

(2J + 1)√(2K + 1)(2j + 1)(2Kr + 1)(2L + 1)

√(2jr + 1)
×

(-1)jC+jD(-1)j+K CKrR′L0
KrR′ CJrΩr

jrΩr
′

KrR′CjΩ
j'Ω′

K-qk
CJΩr

j'Ωr
′

KiR′ ×

CJΩ
J'Ω′

Ki-qk{jC jD j
j' K jC

}{(TνjΩ,νr jrΩr

CD,J )Tν′j'Ω′,νr
′ jrΩr

′
CD,J' } ×

{ ∑
qr,ql

CLqlKrqr

Kiqi YLqi
(ϑk,�k)FKrqr

(jr) }

(B4)

FKqk

(jC)(kr,k) ) N ∑
Ki

∑
L,Kr

cKiqk

K (Kr,L) RKiqk

KrL (ϑk,�k) (B5)

cKiqk

K (Kr,L) )

N-1{ √π
σ02kV′r jr

AB kVr jr
AB } ∑

νD,jD

∑
j,Ω

∑
j',Ω′

∑
J

∑
J′

∑
R′

×

(2J + 1)√(2K + 1)(2j + 1)(2Kr + 1)(2L + 1)

√(2jr + 1)
×

(-1)jC+jD(-1)j+KCKrR′L0
KiR′ CjrΩrKrR′

jrΩr′ CjΩK-qk

j'Ω′ ×

CJΩrKiR′
J'Ωr′ CJΩKi-qk

J'Ω′ {jC jD j
j' K jC

}{(TνjΩ,νr jrΩr

CD,J )*Tν′j'Ω′,ν′r jrΩr′
CD,J' } (B6)
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The “normalization” constant N appearing in eqs B5 and B6
is defined in the main section of the text.

Supporting Information Available: Notes containing a
detailed derivation of most of the formulas in this paper. This
material is available free of charge via the Internet at http://
pubs.acs.org.
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